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ABSTRACT. In this paper we will show how to generate in general A,, ,
and S, , ; - the alternating and the symmetric groups of degrees kn + 1 -
using a copy of S, and an element of order k + 1in A, , and §,, , | forall
positive integers n = 2 and k = 2. We will also show how to generate A i
and S, , , symmetrically using n elements each of order k + 1.

‘ I. Introduction
Hammasm, showed that 142 .+ 1 Can be presented as
G=A2n+1=<X’Y’T’(X’Y>=Sn’T3=[TySs—l]=.1)

forall3<n=<11where[ T, S,_, ] means that T commutes with Y and with ( XY )8 (n=3)
the generators of S, _, . The relations of the symmetric group S, = (X, Y)of degree
n are found in Coxeter and Moser™.. In order to complete the enumeration, we need
to add some relations to the presentation that generate A, , , ,,n = 2. Also in Ham-
mas!!! it has been proved that for all 3 = n = 11, the group A,,,, can be
symmetrically generated by n-elements each of order3,and of the form T, T, ...,
T,_,,where, T;= TX = X! TX and T, X satisfy the relations of the group 4, , , .

Theset{T,,T,,..., T,_, }is called the symmetric generating setof A, , , (see the
definition in section 2).

Hammas et al.” have given a permutational generating set that generates A4, , , ;
for all n = 2, and satisfies the relations given in the group G above. Also, they have
proved that for all n = 2, the group A4, , , | can be symmetrically generated by n-ele-
ments each of order 3.
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In this paper, we give permutations generate A,, , ,and S, , , for all n = 2 and
satisfy the relations given in presentation of 4,, , , and S, , ,. Further, we prove
thatA,, , ,andS§,, | | :n=2canbesymmetrically generated by n permutations each
of order 3 satisfying our definition in Hammas ef al.1?

The results obtained here generalise the results given Hammas ez al./?! and lead us
to formulate a conjecture which generalises the results given in Hammas!"!

II. Symmetric Generating Sets

LetGbeagroupand I'={T,, T, ..., T,_,}beasubsetof G where, T, = TX for
alli=0,1,...,n—-1.LetS, acopy of the symmetric group of degree-n be the nor-
malizer in G of the set I. We define I to be a symmetric generating set of G if and
only if G = (I') and S, permutes I"doubly transitively by conjugation, i.e., I'is realiz-
able as an inner automorphism.

IIl. Permutational Generating Setof A, ., and S, ,,

TheoremIIl.1. A,, , ;and S, ., canbe generated using a copy of S, and an element
oforderk + 1in A,,, ,andS,, , foralln=2and all k = 2.

Proof

Let X, Y-and T be the permutatlons
X=(1,2,...,n)(n+1,n+2,...,2n)...((k-1)n+ 1,(k-1)n+2,... ,kn),
Y=(1,2)(n+1,n+2)...((k-1)n+1,(k-1)n+2),and T=(n,2,n,3n,...,kn kn+1)
be three permutations; the first of order n, the second of order 2 and the third of
order k + 1. Let H be the group generated by X and Y. By Coxeter and Moser), the
group H is the symmetric group S,. Let G be the group generated by X, Y and T.
Consider the product TX. Let 8= ( TX)". Let K = {8, T). Since .

=(Ln+1,2n+1,3n+1,...,kn+1,n,2n,3n,...kn,n-1,2n-1, ... kn-1,
n-2,2n-2,...,kn-2,...,....2,n+22n+2,...,(k-1)n+2)

n + 1

then we claim that K is either A, , , or §,, . ,. To show this, let 6 be the mapping
which takes the element in the position i of the permutation 8into the element i in the
permutation ( 1,2, ... , kn + 1). Under this mapping 6, the group K will be mapped
into the group

- 0(K)=((1,2,...,kn+1),(n-1,n,n+1,...,n+k)).

Now if k is an odd integer then (n-1,n,n+1,... ,n+ k)isan odd permutation.
Hence 6 ( K ) is the symmetric group S,,, , , . Since K is a subgroup of G, then G is the
symmetric group S, , ;. While if & is an even integer then the permutations (1,2, ... ,kn + 1)
and(n-1,n,n+1,..,n+ k)are even. Hence 6( K) is the alternating group

A,, . 1- Inthiscase X, Y and T are all even permutations. Therefore Gis 4,,, , ;. O.

Conjecture
The above theorem led us to state the following conjecture which generalizes the
i
result proved by Hammas

LetG={ XV, T V) =8, 7 V=T, 5,1 =1}
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foralln =2andallk = 2. If kis an evenintegerwhen G = §,, , ,.

It is important to notice that the elements X, Y and T described above satisfy the
relations of the group G given in the conjecture above. In particular, the elements X,
Y generate a copy of S,. The elements Y and T commute foralln = 3. Foralln =3,
the element T commutes with the group S, _, = (Y, (XY)*¥ ¢"7*)).

IV. Symmetric Permutational Generating Setof A, ,, and S, _,
Theorem IV.1. Let

X=(1,2,....,n)(n+1,n+2,..,2n) ... ((k=-D)n+1,(k=1)n+2,... ,kn),
Y=(1,2)(n+1,n+2)...((k-1)n+1,(k-1)n+2)and T=(n,2,n,3n,..., kn,kn+1)
be the permutations described before. Let I'={T,, T}, ... , T,_, }foralln = 2,
where T, = TX. Ifkis an even integer, then the set I"generates the alternating group
A,, +  symmetrically. If k is an odd integer, then the set I" generates the symmetric
group S, , , symmetrically.

Proof

Let Ty=(n,2n, ..., kn, kn+1), T,=T*=(1,n+1,..,(k-1)n+1,kn+
1),....,T, =T =(n-1,2n-1,3n-1,... ,kn-1,kn+1).Let H=(I'). We
claimthat H=A,, , ,orS,, , . Toshow this, consider the element.

It is not difficult to show that

a=(1,n+1,2n+1,3n+1,...,(k—-l)n+1,2,n+2,2n+2,...,(k—1)n+
2,....,n2n3n,..,kn kn+1).

Let H, = (a, T,). Weclaim that H, = H,  , , or S, , ,. To prove this, let 6 be the
mapping which takes the element in the position i of the cycle a into the element iof
the cycle (1,2, ... , kn + 1). Under this mapping the group H, will be mapped into
the group

0(H,)=((1,2,....kn+1),(k(n-1)+1,k(n-1)+2,...kn, kn+1)).

As in the proof of the previous theorem we can conclude that if k is an odd integer
then H= H,=0(H, ) =S8,,, andif kis an evenintegerthen H= H, = 6( H,)
= Akn +1° O

The set I' described above satisfies the conditions of the group given in Hammas'"). Itis
important to note that I has to have at least n elements each of order k + 1 to generate
Aup 4101 S, o+ 1- The following theorem characterizes all groups found if we remove m-
elements of the set I'.

Theorem IV.2 Let T and X be the permutations which have been described above, where
T**'=1.LetI'={T,, T,, ..., T,}foralln =2, where T, = TX. If k is an even integer
then if we remove m-elements of the set I'for all 1 < m < n -2 then the resulting set gen-
erates A, _n, + .- If kis an odd integer then if we remove m-elements of the set I'for all
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1 = m < n-2 then the resulting st generates S, (, _,,,, Ifweremove(n-1) - efe-
ments of the set I then the resulting set generates C, , ,.

Proof

Using induction onn—m, ifn—m = 1thenlet I', = { T1 }. Since T is the permutation
(1,n+1,...,(k-1)n+1,kn+ 1)of order k + 1 then I', generates C, , ,. Suppose that
1< m < n-2. Assume that the theoremistrueforn-m=j.i.e., ifI‘]. ={T,,..., Tj}then
I’ generates A, (; , or Sk (j) + 1 depending on whether k is an even or an odd integer re-
spectively. Forn-m =j+1,letI, = {1, ..., T, }.Let F={T,, ..., Tj}. By this
hypothesis, F generates A, ;). 10T Sy (; ;- Since

B=(1L,n+1,2n+1,3n+1,..,(k-1)n+1,2,n+2,2n+2,...,(k-1)
n+2,...,j,n+j,2n+j,...,(k-l)n+j,kn+l)e(F),

andsince T,,, = T% " = (j+ Ln+j+1,2n+j+1,...,(k=1)n+j+ 1L kn+1)
then

BT}H=(1,n+1,2n+1,...,(k—-l)n+1,2,n+2,2n+2,...,(k—l)n+2,
Shn+p2n+j, ., (k-1D)n+jj+ln+j+1,2n+j+1,... ,(k-1)n+

j+Lkn+1)e(F T, ).

But (F, T;, ) = Ay (jy+ 107 Sy (;)+ 1 depending on whether k is an even or an odd
integer respectively, and so the theorem is true for all m. &
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